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UNIVERSALLY CATENARIAN INTEGRAL DOMAINS, STRONG
S-DOMAINS AND SEMISTAR OPERATIONS
PARVIZ SAHANDI
Abstract. Let D be an integral domain and ⋆ a semistar operation stable
and of finite type on it. In this paper, we are concerned with the study
of the semistar (Krull) dimension theory of polynomial rings over D. We
introduce and investigate the notions of ⋆-universally catenarian and ⋆-stably
strong S-domains and prove that, every ⋆-locally finite dimensional Pru¨fer
⋆-multiplication domain is ⋆-universally catenarian, and this implies ⋆-stably
strong S-domain. We also give new characterizations of ⋆-quasi-Pru¨fer domains
introduced recently by Chang and Fontana, in terms of these notions.
1. Introduction
The concepts of S(eidenberg)-domains and strong S-domains are crucial ones and
were introduced by Kaplansky [18, Page 26]. Recall that an integral domain D is
an S-domain if for each prime ideal P of D of height one the extension PD[X ]
to the polynomial ring in one variable is also of height one. A strong S-domain is
a domain D such that, D/P is an S-domain, for each prime P of D. One of the
reasons why Kaplansky introduced the notion of strong S-domain was to treat the
classes of Noetherian domains and Pru¨fer domains in a unified frame. Moreover,
if D belongs to one of the two classes of domains, then the following dimension
formula holds: dim(D[X1, · · · , Xn]) = n + dim(D) (cf., [23, Theorem 9] and [24,
Theorem 4]). The integral domain D is called a Jaffard domain if dim(D) <
∞ and dim(D[X1, · · · , Xn]) = n + dim(D) for each positive integer n. So that
finite dimensional Noetherian or Pru¨fer domains are Jaffard domains. Kaplansky
observed that for n = 1 and forD a strong S-domain then dim(D[X1]) = 1+dim(D)
[18, Theorem 39]. The strong S-property is not stable, in general under polynomial
extensions (cf. [6]). In [19], Malik and Mott, defined and studied the stably strong
S-domains. A domain D is called a stably strong S-domain if D[X1, · · · , Xn] is a
strong S-domain for each n ≥ 1. Note that the class of Jaffard domains contains the
class of stably strong S-domains. The class of stably strong S-domains contains an
important class of universally catenarian domains. Recall that a domainD, is called
catenarian, if for each pair P ⊂ Q of prime ideals of D, any two saturated chain
of prime ideals between P and Q have the same finite length. If for each n ≥ 1,
the polynomial ring D[X1, · · · , Xn] is catenary, then D is said to be universally
catenarian (cf. [4, 3]).
For several decades, star operations, as described in [17, Section 32], have proven
to be an essential tool in multiplicative ideal theory, for studying various classes of
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domains. In [20], Okabe and Matsuda introduced the concept of a semistar opera-
tion to extend the notion of a star operation. Since then, semistar operations have
been extensively studied and, because of a greater flexibility than star operations,
have permitted a finer study and new classifications of special classes of integral
domains.
This manuscript is a sequel to [22]. Given a semistar operation ⋆ on D and
let ⋆˜ be the stable semistar operation of finite type canonically associated to ⋆
(the definitions are recalled later in this section), it is possible to define a semistar
operation stable and of finite type ⋆[X ] on D[X ] (cf. [22]) such that:
⋆˜- dim(D) + 1 ≤ ⋆[X ]- dim(D[X ]) ≤ 2(⋆˜- dim(D)) + 1.
We say that a domain D, is an ⋆˜-Jaffard domain if ⋆˜- dim(D) <∞ and
⋆[X1, · · · , Xn]- dim(D[X1, · · · , Xn]) = ⋆˜- dim(D) + n,
for each positive integer n. Every ⋆˜-Noetherian and P⋆MDs are ⋆˜-Jaffard domains
(cf. [22]). In this paper we define and study two subclass of ⋆˜-Jaffard domains.
Namely in Sections 2 and 3, we define and study ⋆˜-stably strong S-domains and
⋆˜-universally catenarian domains. In Section 4 we give new characterizations of
⋆˜-quasi-Pru¨fer domains in terms of ⋆˜-stably strong S-domains and ⋆˜-universally
catenarian domains.
To facilitate the reading of the introduction and of the paper, we first review
some basic facts on semistar operations. Let D denote a (commutative integral)
domain with identity and let K be the quotient field of D. Denote by F(D) the set
of all nonzero D-submodules of K, and by F(D) the set of all nonzero fractional
ideals of D; i.e., E ∈ F(D) if E ∈ F(D) and there exists a nonzero element r ∈ D
with rE ⊆ D. Let f(D) be the set of all nonzero finitely generated fractional ideals
of D. Obviously, f(D) ⊆ F(D) ⊆ F(D). As in [20], a semistar operation on D is
a map ⋆ : F(D) → F(D), E 7→ E⋆, such that, for all x ∈ K, x 6= 0, and for all
E,F ∈ F(D), the following three properties hold:
⋆1 : (xE)
⋆ = xE⋆;
⋆2 : E ⊆ F implies that E⋆ ⊆ F ⋆;
⋆3 : E ⊆ E⋆ and E⋆⋆ := (E⋆)⋆ = E⋆.
It is convenient to say that a (semi)star operation on D is a semistar operation
which, when restricted to F(D), is a star operation (in the sense of [17, Section
32]). It is easy to see that a semistar operation ⋆ on D is a (semi)star operation on
D if and only if D⋆ = D.
Let ⋆ be a semistar operation on the domain D. For every E ∈ F(D), put
E⋆f :=
⋃
F ⋆, where the union is taken over all finitely generated F ∈ f(D) with
F ⊆ E. It is easy to see that ⋆f is a semistar operation on D, and ⋆f is called the
semistar operation of finite type associated to ⋆. Note that (⋆f )f = ⋆f . A semistar
operation ⋆ is said to be of finite type if ⋆ = ⋆f ; in particular ⋆f is of finite type.
We say that a nonzero ideal I of D is a quasi-⋆-ideal of D, if I⋆ ∩D = I; a quasi-⋆-
prime (ideal of D), if I is a prime quasi-⋆-ideal of D; and a quasi-⋆-maximal (ideal
of D), if I is maximal in the set of all proper quasi-⋆-ideals of D. Each quasi-⋆-
maximal ideal is a prime ideal. It was shown in [12, Lemma 4.20] that if D⋆ 6= K,
then each proper quasi-⋆f -ideal of D is contained in a quasi-⋆f -maximal ideal of D.
We denote by QMax⋆(D) (resp., QSpec⋆(D)) the set of all quasi-⋆-maximal ideals
(resp., quasi-⋆-prime ideals) of D. When ⋆ is a (semi)star operation, it is easy to
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see that the notion of quasi-⋆-ideal is equivalent to the classical notion of ⋆-ideal
(i.e., a nonzero ideal I of D such that I⋆ = I).
If ∆ is a set of prime ideals of a domain D, then there is an associated semistar
operation on D, denoted by ⋆∆, defined as follows:
E⋆∆ := ∩{EDP |P ∈ ∆}, for each E ∈ F(D).
If ∆ = ∅, let E⋆∆ := K for each E ∈ F(D). One calls ⋆∆ the spectral semistar
operation associated to ∆. A semistar operation ⋆ on a domain D is called a spectral
semistar operation if there exists a subset ∆ of the prime spectrum of D, Spec(D),
such that ⋆ = ⋆∆. When ∆ := QMax
⋆f (D), we set ⋆˜ := ⋆∆; i.e.,
Ee⋆ := ∩{EDP |P ∈ QMax
⋆f (D)}, for each E ∈ F(D).
It has become standard to say that a semistar operation ⋆ is stable if (E ∩F )⋆ =
E⋆ ∩ F ⋆ for all E, F ∈ F(D). All spectral semistar operations are stable [12,
Lemma 4.1(3)]. In particular, for any semistar operation ⋆, we have that ⋆˜ is a
stable semistar operation of finite type [12, Corollary 3.9].
The most widely studied (semi)star operations on D have been the identity dD,
and vD, tD := (vD)f , and wD := v˜D operations, where E
vD := (E−1)−1, with
E−1 := (D : E) := {x ∈ K|xE ⊆ D}.
Let ⋆ be a semistar operation on a domain D. The ⋆-Krull dimension of D is
defined as
⋆- dim(D) := sup
{
n
∣∣∣∣ (0) = P0 ⊂ P1 ⊂ · · · ⊂ Pn where Pi is aquasi- ⋆ -prime ideal of D for 1 ≤ i ≤ n
}
.
It is known (see [11, Lemma 2.11]) that
⋆˜- dim(D) = sup{ht(P ) | P is a quasi-⋆˜-prime ideal of D}.
Thus, if ⋆ = dD, then ⋆˜- dim(D) = ⋆- dim(D) coincides with dim(D), the usual
(Krull) dimension of D.
Let ⋆ be a semistar operation on a domain D. Recall from [11, Section 3] that
D is said to be a ⋆-Noetherian domain, if D satisfies the ascending chain condition
on quasi-⋆-ideals. Also recall from [14] that, D is called a Pru¨fer ⋆-multiplication
domain (for short, a P⋆MD) if each finitely generated ideal of D is ⋆f -invertible;
i.e., if (II−1)⋆f = D⋆ for all I ∈ f(D). When ⋆ = v, we recover the classical notion
of PvMD; when ⋆ = dD, the identity (semi)star operation, we recover the notion of
Pru¨fer domain.
Let D be a domain, ⋆ a semistar operation on D, T an overring of D, and
ι : D →֒ T the corresponding inclusion map. In a canonical way, one can define
an associated semistar operation ⋆ι on T , by setting E 7→ E⋆ι := E⋆, for each
E ∈ F(T )(⊆ F(D)) [16, Proposition 2.8].
Throughout this paper, D denotes a domain and ⋆ is a semistar operation on D.
2. The ⋆-strong S-domains
Let D be an integral domain with quotient field K, let X , Y be two indetermi-
nates over D and let ⋆ be a semistar operation on D. Set D1 := D[X ], K1 := K(X)
and take the following subset of Spec(D1):
Θ⋆1 := {Q1 ∈ Spec(D1)| Q1 ∩D = (0) or (Q1 ∩D)
⋆f ( D⋆}.
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Set S⋆1 := S(Θ
⋆
1) := D1[Y ]\(
⋃
{Q1[Y ]|Q1 ∈ Θ⋆1}) and:
E
	S⋆
1 := E[Y ]S⋆
1
∩K1, for all E ∈ F(D1).
It is proved in [22, Theorem 2.1] that the mapping ⋆[X ] :=	S⋆
1
: F(D1)→ F(D1),
E 7→ E⋆[X] is a stable semistar operation of finite type on D[X ], i.e., ⋆˜[X ] = ⋆[X ].
It is also proved that ⋆˜[X ] = ⋆f [X ] = ⋆[X ], dD[X ] = dD[X] and QSpec
⋆[X](D[X ]) =
Θ⋆1\{0}. If X1, · · · , Xr are indeterminates over D, for r ≥ 2, we let
⋆[X1, · · · , Xr] := (⋆[X1, · · · , Xr−1])[Xr],
where ⋆[X1, · · · , Xr−1] is a stable semistar operation of finite type onD[X1, · · · , Xr−1].
For an integer r, put ⋆[r] to denote ⋆[X1, · · · , Xr] andD[r] to denoteD[X1, · · · , Xr].
As an extension of a result by Seidenberg [23, Theorem 2], we showed in [22,
Theorem 3.1] that: if n := ⋆˜-dim(D), then n + 1 ≤ ⋆[X ]- dim(D[X ]) ≤ 2n + 1.
On the other hand, it is shown in [22, Theorem 3.8 and Corollary 4.11], that
if D is a ⋆˜-Noetherian domain or a P⋆MD and n is any positive integer, then
⋆[n]- dim(D[n]) = n+ ⋆˜- dim(D), that is D is an ⋆˜-Jaffard domain. Now we define
and study a subclass of ⋆˜-Jaffard domains.
Definition 2.1. The domain D is called an ⋆-S-domain, if each height one quasi-
⋆-prime ideal P of D, extends to a height one quasi-⋆[X ]-prime ideal P [X ] of the
polynomial ring D[X ]. We say that D is an ⋆-strong S-domain, if each pair of
adjacent quasi-⋆-prime ideals P1 ⊂ P2 of D, extend to a pair of adjacent quasi-
⋆[X ]-prime ideals P1[X ] ⊂ P2[X ], of D[X ]. If for each n ≥ 1, the polynomial ring
D[n] is a ⋆[n]-strong S-domain, then D is said to be an ⋆-stably strong S-domain.
Note that the notion of d-S-domain (resp. d-strong S-domain, d-stably strong S-
domain) coincides with the “classical” notion of S-domain (resp. strong S-domain,
stably strong S-domain) [18, 19].
Proposition 2.2. Suppose that D is an ⋆˜-strong S-domain, and ⋆˜-dim(D) = n is
finite. Then ⋆[X ]-dim(D[X ]) = n+ 1.
Proof. By [22, Theorem 3.1], we only have to show that ⋆[X ]-dim(D[X ]) ≤ n+ 1.
Let Q ∈ QSpec⋆[X](D[X ]) and set P := Q ∩ D. There are two cases to con-
sider. If P = 0, then by [18, Theorem 37], ht(Q) ≤ 1. If P 6= 0, we show that
P ∈ QSpece⋆(D). Let M ∈ QMax⋆[X](D[X ]) containing Q [15, Lemma 2.3 (1)].
Since 0 6= P ⊆ M ∩ D, then M ∩ D ∈ QSpec⋆f (D) by [22, Remark 2.3]. Hence
P ∈ QSpece⋆(D) by [12, Lemma 4.1, Remark 4.5]. Consequently ht(P ) ≤ n by
the hypothesis. By an argument the same as [18, Theorem 39], we obtain that
ht(P ) = ht(P [X ]). Since P [X ] ⊆ Q, then we have ht(Q) ≤ n + 1. Therefore
⋆[X ]-dim(D[X ]) ≤ n+ 1 as desired. 
Corollary 2.3. Each ⋆˜-stably strong S-domain of finite ⋆˜-dimension is an ⋆˜-Jaffard
domain.
Proposition 2.4. Let D be an integral domain. The following then are equivalent:
(1) D is an ⋆˜-S-domain (resp. ⋆˜-strong S-domain).
(2) DP is an S-domain (resp. strong S-domain) for all P ∈ QSpec
e⋆(D).
(3) DM is an S-domain (resp. strong S-domain) for all M ∈ QMax
e⋆(D).
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Proof. For either cases follow the method of [19, Proposition 2.1], and note that
every quasi-⋆˜-prime ideal of D in contained in a quasi-⋆˜-maximal ideal by [15,
Lemma 2.3 (1)]. 
Proposition 2.5. Let D be an integral domain. The following then are equivalent:
(1) D is an ⋆˜-stably strong S-domain.
(2) DP is an stably strong S-domain, for all P ∈ QSpec
e⋆(D).
(3) DM is an stably strong S-domain, for all M ∈ QMax
e⋆(D).
Proof. (1)⇒ (2). Suppose that D is an ⋆˜-stably strong S-domain, P ∈ QSpece⋆(D)
and n ≥ 1 is an integer. It suffices by [13, Lemma 6.3.1], to show that for each
maximal ideal M of DP [n], the local ring DP [n]M is a strong S-domain. To this
end, let M be an arbitrary maximal ideal of DP [n]. Note that DP [n] = D[n]D\P .
So that there exists a prime ideal M of D[n] such that M ∩ (D\P ) = ∅ and
M = MDP [n]. Consequently M ∩ D ⊆ P , and therefore by [22, Remark 2.3],
we have M ∈ QSpec⋆[n](D[n]). Now since by the hypothesis D[n] is an ⋆[n]-
strong S-domain, we then have DP [n]M = D[n]M is a strong S-domain domain by
Proposition 2.4.
(2)⇒ (1). Let n ≥ 1 be an integer, Q ∈ QSpec⋆[n](D[n]) and set P := Q∩D. We
plan to show that D[n]Q is an strong S-domain domain. If P = 0, then D[n]Q =
K[n]QK[n], which is an strong S-domain domain since it is Noetherian and [18,
Theorem 149]. If P 6= 0, then P ∈ QSpece⋆(D). Therefore D[n]Q = DP [n]QDP [n],
and hence is an strong S-domain by hypothesis. So that D[n] is an ⋆[n]-strong S-
domain by Proposition 2.4. ThusD is an ⋆˜-stably strong S-domain by the definition.
(2)⇔ (3) is true, using [13, Lemma 6.3.1]. 
Recall from [7] that D is said to be a ⋆-quasi-Pru¨fer domain, in case, if Q is a
prime ideal inD[X ], andQ ⊆ P [X ], for some P ∈ QSpec⋆(D), thenQ = (Q∩D)[X ].
This notion is the semistar analogue of the classical notion of the quasi-Pru¨fer
domains [13, Section 6.5] (that is among other equivalent conditions, the domain
D is said to be a quasi-Pru¨fer domain if it has Pru¨ferian integral closure). By [7,
Corollary 2.4], D is a ⋆f -quasi-Pru¨fer domain if and only if D is a ⋆˜-quasi-Pru¨fer
domain.
Corollary 2.6. If D is a ⋆˜-Noetherian (resp. a ⋆˜-quasi-Pru¨fer) domain, then D
is an ⋆˜-stably strong S-domain.
Proof. Let P ∈ QSpece⋆(D). Since DP is a Noetherian domain by [11, Proposition
3.8] (resp. a quasi-Pru¨fer domain by [7, Lemma 2.1]), we obtain that it is an stably
strong S-domain by [18, Theorem 149] (resp. by [13, Corollary 6.7.6]). Therefore
D is an ⋆˜-stably strong S-domain by Proposition 2.5. 
Therefore we have the following implications for finite ⋆˜-dimensional domains:
⋆˜-Noetherian or ⋆˜-quasi-Pru¨fer⇒ ⋆˜-stably strong S-domain⇒ ⋆˜-Jaffard.
Remark 2.7. Call a domain D, an ⋆˜-locally Jaffard domain if DP is a Jaffard
domain for each P ∈ QSpece⋆(D). Therefore every ⋆˜-stably strong S-domain is a
⋆˜-locally Jaffard domain. It is not hard to prove that every ⋆˜-locally Jaffard domain
is an ⋆˜-Jaffard domain (see proof of [22, Theorem 3.2]).
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3. The ⋆-catenarian domains
In this section we introduce and study a subclass of ⋆˜-stably strong S-domains,
namely ⋆˜-universally catenarian domains.
Definition 3.1. The domain D is called ⋆-catenary, if for each pair P ⊂ Q of
quasi-⋆-prime ideals of D, any two saturated chain of quasi-⋆-prime ideals between
P and Q have the same finite length. If for each n ≥ 1, the polynomial ring D[n]
is ⋆[n]-catenary, then D is said to be ⋆-universally catenarian.
Note that the notion of d-catenary (resp. d-universally catenarian) coincides
with the “classical” notion of catenary (resp. universally catenarian). The proof of
the the following proposition is straightforward, so we omit it.
Proposition 3.2. Let D be an integral domain. The following then are equivalent:
(1) D is ⋆˜-catenary.
(2) DP is catenary for all P ∈ QSpec
e⋆(D).
(3) DM is catenary for all M ∈ QMax
e⋆(D).
Lemma 3.3. Let D be an integral domain and n ≥ 1 be an integer. Then D[n] is
⋆[n]-catenary, if and only if, DP [n] is catenary for all P ∈ QSpec
e⋆(D).
Proof. (⇒) It suffices by [13, Lemma 6.3.2], to show that for each maximal ideal
M of DP [n], the local ring DP [n]M is catenary. To this end, letM be an arbitrary
maximal ideal of DP [n]. Note that DP [n] = D[n]D\P . So that there exists a prime
ideal M of D[n] such that M ∩ (D\P ) = ∅ and M = MDP [n]. Consequently
M ∩ D ⊆ P , and therefore by [22, Remark 2.3], we have M ∈ QSpec⋆[n](D[n]).
Hence DP [n]M = D[n]M is a catenary domain.
(⇐) Let Q ∈ Max⋆[n](D[n]) and set P := Q ∩ D. We plan to show that D[n]Q
is a catenarian domain. There are two cases to consider. If P = 0, then D[n]Q =
K[n]QK[n], which is a catenarian domain since it is a Cohen-Macaulay ring and [5,
Theorem 2.1.12]. If P 6= 0, then P ∈ QSpece⋆(D). Therefore D[n]Q = DP [n]QDP [n],
which is catenary by the hypothesis. Whence D[n] is ⋆[n]-catenary by Proposition
3.2. 
It is convenient to say that, a domain D is ⋆˜-locally finite dimensional (for short,
⋆˜-LFD) if ht(P ) < ∞ for every P ∈ QSpece⋆(D). The special case ⋆ = dD of the
following theorem is contained in [3, Theorem 12].
Theorem 3.4. If D is a P⋆MD which is ⋆˜-LFD, then D is ⋆˜-universally catenarian.
Proof. We have to show that for each integer n ≥ 1, D[n] is a ⋆[n]-catenarian
domain. To this end let n ≥ 1 be an integer and P ∈ QSpece⋆(D). So that DP
is a finite dimensional valuation domain by the hypothesis and [14, Theorem 3.1].
Hence DP [n] is catenary by [3, Theorem 12]. Thus D[n] is ⋆[n]-catenary by Lemma
3.3, for all n ≥ 1. Hence D is ⋆˜-universally catenarian. 
Proposition 3.5. Let D be an integral domain. If D[X ] is ⋆[X ]-catenarian, then
D is an ⋆˜-strong S-domain.
Proof. Using Lemma 3.3, DP [X ] is a catenarian domain for all P ∈ QSpec
e⋆(D).
Hence DP is a strong S-domain by [4, Lemma 2.3]. Thus D is a ⋆˜-strong S-domain
by Proposition 2.4. 
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Corollary 3.6. Each ⋆˜-universally catenarian domain is an ⋆˜-stably strong S-
domain.
Therefore we have the following implications for finite ⋆˜-dimensional domains:
P⋆MD⇒ ⋆˜-universally catenary⇒ ⋆˜-stably strong S-domain⇒ ⋆˜-Jaffard.
Next we wish to present the semistar analogue of the celebrated theorem of
Ratliff [21, Theorem 2.6].
Theorem 3.7. Let D be an integral domain. Suppose that D is ⋆˜-Noetherian.
Then D[X ] is ⋆[X ]-catenary if and only if D is ⋆˜-universally catenarian.
Proof. The “if” part is trivial. For the “only if” part, let n ≥ 1 be an integer and
P ∈ QSpece⋆(D). So by Lemma 3.3, DP [X ] is catenary. Since DP is a Noether-
ian domain by [11, Proposition 3.8], using the result of Ratliff [21, Theorem 2.6],
we have DP is a universally catenarian domain. Therefore DP [n] is a catenarian
domain. Thus another use of Lemma 3.3 yields us that D[n] is a ⋆[n]-catenarian
domain for all n ≥ 1. Hence D is an ⋆˜-universally catenarian. 
4. Characterizations of ⋆-quasi-Pru¨fer domains
In this section we give some characterization of ⋆˜-quasi-Pru¨fer domains. First
we need to recall the definition of a semistar going-down domain. Let D ⊆ T be an
extension of domains. Let ⋆ and ⋆′ be semistar operations on D and T , respectively.
Following [9], we say that D ⊆ T satisfies (⋆, ⋆′)-GD if, whenever P0 ⊂ P are quasi-
⋆-prime ideals of D and Q is a quasi-⋆′-prime ideal of T such that Q ∩ D = P ,
there exists a quasi-⋆′-prime ideal Q0 of T such that Q0 ⊆ Q and Q0 ∩ D = P0.
The integral domain D is said to be a ⋆-going-down domain (for short, a ⋆-GD
domain) if, for every overring T of D and every semistar operation ⋆′ on T , the
extension D ⊆ T satisfies (⋆, ⋆˜′)-GD. These concepts are the semistar versions of
the “classical” concepts of going-down property and the going-down domains (cf.
[8]). It is known by [9, Propositions 3.5 and 3.2(e)] that every P⋆MD and every
integral domain D with ⋆-dim(D) = 1 is a ⋆-GD domain.
Theorem 4.1. Let D be an integral domain. Suppose that D is a ⋆˜-GD domain
which is ⋆˜-LFD. Then the following statements are equivalent:
(1) D is an ⋆˜-universally catenarian domain.
(2) D is an ⋆˜-stably strong S-domain.
(3) D is an ⋆˜-strong S-domain.
(4) D is an ⋆˜-locally Jaffard domain.
(5) DM is a Jaffard domain for each M ∈ QMax
e⋆(D).
(6) D[X ] is an ⋆[X ]-catenarian domain.
(7) D is an ⋆˜-quasi-Pru¨fer domain.
Proof. First of all we show that for each P ∈ QSpece⋆(D), DP is a going-down
domain. Let T be an overring of DP . Suppose that P1DP ⊂ P2DP are prime ideals
of DP and Q2 is a prime ideal of T such that Q2 ∩DP = P2DP . Since P1 ⊂ P2 are
quasi-⋆˜-prime ideals of D (since they are contained in P and [12, Lemma 4.1 and
Remark 4.5]) and Q2 ∩D = P2 and the fact that D is a ⋆˜-GD domain, there exists
a (quasi-⋆˜-)prime ideal Q2 of T satisfying both Q1 ⊆ Q2 and Q1 ∩D = P1. So that
Q1 ∩DP = P1DP . Therefore DP is a going-down domain.
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The implications (1) ⇒ (2), (2) ⇒ (3), and (4) ⇒ (5) are already known (see
Section 3).
(3)⇒ (4). Let P ∈ QSpece⋆(D). Therefore DP is a going-down domain which is
also a strong S-domain by Proposition 2.4. Hence by [1, Theorem 1.13], DP is a
Jaffard domain. Thus D is an ⋆˜-locally Jaffard.
(5) ⇒ (6). Let P ∈ QSpece⋆(D). Choose a quasi-⋆˜-maximal ideal M of D
containing P . Since DM is a Jaffard domain which is also going-down, then [1,
Theorem 1.13] tells us that DM [X ] is catenarian. Thus DP [X ] = (DM [X ])D\P is
a catenarian domain. Now by Lemma 3.3, D[X ] is ⋆[X ]-catenarian.
(6) ⇒ (7). Let P ∈ QSpece⋆(D). Using Lemma 3.3, DP [X ] is catenarian. Since
DP is a going-down domain, using [1, Theorem 1.13], we see that DP is a quasi-
Pru¨fer domain. Thus by [7, Lemma 2.1], D is a ⋆˜-quasi-Pru¨fer domain.
(7)⇒ (1). Let P ∈ QSpece⋆(D). Since DP is a quasi-Pru¨fer going-down domain,
we have DP is a universally catenarian domain by [1, Theorem 1.13]. Hence DP [n]
is a catenarian domain for each integer n ≥ 1. Therefore using Lemma 3.3 we obtain
that D[n] is a ⋆[n]-catenarian domain for all n ≥ 1. Hence D is an ⋆˜-universally
catenarian domain. 
Corollary 4.2. Let D be an integral domain. Suppose that ⋆˜-dim(D) = 1. Then
the following statements are equivalent:
(1) D is an ⋆˜-universally catenarian domain.
(2) D[X ] is an ⋆[X ]-catenarian domain.
(3) D is an ⋆˜-stably strong S-domain.
(4) D is an ⋆˜-strong S-domain.
(5) D is an ⋆˜-S-domain.
(6) ⋆[X ]-dim(D[X ]) = 2.
(7) D is an ⋆˜-Jaffard domain.
(8) D is an ⋆˜-locally Jaffard domain.
(9) D is an ⋆˜-quasi-Pru¨fer domain.
Proof. Observe that (1)⇔ (2)⇔ (3)⇔ (4)⇔ (8)⇔ (9) by Theorem 4.1, since D
is a ⋆˜-GD domain and (4)⇒ (5) is trivial.
(5) ⇒ (6). By [22, Theorem 3.1], we have 2 ≤ ⋆[X ]-dim(D[X ]). Now let P
be a quasi-⋆˜-prime ideal of D. Hence by the hypothesis, ht(P ) = 1. Since D is a
⋆˜-S-domain, ht(P [X ]) = 1. Now let Q be a quasi-⋆[X ]-prime ideal of D[X ]. Take a
prime ideal Q1 properly contained in Q. If it contracts to a P ∈ QSpec
e⋆(D), then
by [18, Theorem 37], Q1 = P [X ]. If it contracts to zero, then by [18, Theorem
37], we have ht(Q1) ≤ 1. Whence in either cases we have ht(Q) ≤ 2. Therefore
⋆[X ]-dim(D[X ]) ≤ 2. Thus ⋆[X ]-dim(D[X ]) = 2.
(6)⇔ (7) is true by [22, Corollary 4.12] and (6)⇒ (9) by [22, Theorem 3.5]. 
Next we characterize ⋆˜-quasi-Pru¨fer domains by the means of the properties
of their overrings. Before that we need to recall the definition of (⋆, ⋆′)-linked
overrings. Let D be a domain and T an overring of D. Let ⋆ and ⋆′ be semistar
operations on D and T , respectively. One says that T is (⋆, ⋆′)-linked to D (or
that T is a (⋆, ⋆′)-linked overring of D) if F ⋆ = D⋆ ⇒ (FT )⋆
′
= T ⋆
′
, when F is a
nonzero finitely generated ideal of D (cf. [10]).
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Let T be a (⋆, ⋆′)-linked overring of D. We will show that the contraction map
on prime spectra restricts to a well defined function
G : QSpec
e⋆′(T )→ QSpece⋆(D), Q 7→ Q ∩D
of topological spaces which is continuous (with respect to the subspace topology
induced by the Zariski topology). If Q ∈ QSpec
e⋆′(T ), then we show that P :=
G(Q) = Q∩D is a quasi-⋆˜-ideal of D. To this end it suffices to show that Pe⋆ 6= De⋆.
So suppose that Pe⋆ = De⋆. Then (PT )
e⋆′ = T
e⋆′ . Since PT ⊆ Q we obtain that
Q
e⋆′ = T
e⋆′ , and hence Q = T , which is a contradiction.
In the following theorem, let ⋆′ be a semistar operation for an overring T of D.
Theorem 4.3. Let D be an integral domain. Suppose that ⋆˜-dim(D) is finite.
Then the following statements are equivalent:
(1) Each (⋆, ⋆′)-linked overring T of D is an ⋆˜′-universally catenarian domain.
(2) Each (⋆, ⋆′)-linked overring T of D is an ⋆˜′-stably strong S-domain.
(3) Each (⋆, ⋆′)-linked overring T of D is an ⋆˜′-strong S-domain.
(4) Each (⋆, ⋆′)-linked overring T of D is an ⋆˜′-Jaffard domain.
(5) Each (⋆, ⋆′)-linked overring T of D is an ⋆˜′-quasi-Pru¨fer domain.
(6) D is an ⋆˜-quasi-Pru¨fer domain.
Proof. Note that (1)⇒ (2) and (2)⇒ (3) are trivial.
(3) ⇒ (6). Let M be a quasi-⋆f -maximal ideal of D. We wish to show that
DM is a quasi-Pru¨fer domain. Suppose that T is an overring of DM . Since T is a
(⋆, ⋆ι)-linked overring of D, we have T is a ⋆˜ι-strong S-domain by the hypothesis,
where ι is the canonical inclusion of D into T . We want to show that QSpece⋆ι(T )∪
{0} = Spec(T ). So let Q be an arbitrary non-zero prime ideal of T , and set
PDM := Q∩DM , where P ∈ Spec(D) such that P ⊆M . Note that P is a quasi-⋆˜-
prime ideal of D, since it is contained in M and [12, Lemma 4.1 and Remark 4.5],
and that P = Q∩D. If Qe⋆ι = Te⋆ι , that is, if Qe⋆ = Te⋆, then we have Qe⋆ ∩D = D.
But
P = Pe⋆ ∩D = (Q ∩D)e⋆ ∩D = Qe⋆ ∩D = D,
which is a contradiction. Therefore Qe⋆ι 6= Te⋆ι , and hence Q ∈ QSpece⋆ι(T ) since
⋆˜ι = (˜⋆˜ι) is a stable semistar operation of finite type, and so QSpec
e⋆ι(T ) ∪ {0} =
Spec(T ). This means that T is a strong S-domain. Therefore thanks to [13, Theo-
rem 6.7.8], DM is a quasi-Pru¨fer domain. Hence D is a ⋆˜-quasi-Pru¨fer domain by
[7, Lemma 2.1].
(4)⇔ (5)⇔ (6) was proved in [22, Theorem 4.14].
(6) ⇒ (1). Suppose that T is a (⋆, ⋆′)-linked overring of D. Let n ≥ 1 be
an integer and Q ∈ QSpec⋆
′[n](T [n]). Set Q0 = Q ∩ T which is a quasi-⋆˜′-prime
ideal of T (or equal to zero). Then P := Q0 ∩D is a quasi-⋆˜-prime ideal of D by
the observation before the theorem (or equal to zero). Thus DP is a quasi-Pru¨fer
domain by [7, Lemma 2.1]. Since DP ⊆ TQ0 , we find that TQ0 is a universally
catenarian domain by [2]. Thus T [n]Q = TQ0 [n]QTQ0 [n] is a catenarian domain.
Consequently T [n] is ⋆′[n]-catenary for each integer n ≥ 1, that is T is an ⋆˜′-
universally catenarian domain. 
ACKNOWLEDGMENT
10 PARVIZ SAHANDI
I would like to thank Professor Marco Fontana for his comments on this paper.
I also thank the referee for several helpful remarks concerning the final form of the
paper.
References
1. D. F. Anderson, A. Bouvier, D. Dobbs, M. Fontana and S. Kabbaj, On Jaffard domain, Expo.
Math., 6, (1988), 145–175.
2. A. Ayache and P. Cahen, Anneaux verifiant absolument l’inegalite´ ou la formule de la dimen-
sion, Boll. Un. Mat. Ital., 6-B, (1992), 36–65.
3. A. Bouvier and M. Fontana, The catenary property of the polynomial rings over a Pru¨fer do-
main, in “Se´minare d’Alge`bre Paul Dubreil et Marie-Paule Malliavin,” LNM., 1146, Springer-
Verlag, New York, 1985, 340–354.
4. A. Bouvier, D. E. Dobbs and M. Fontana, Universally catenarian integral domains, Advances
in Math., 72 (1988), 211–238.
5. W. Bruns and J. Herzog, Cohen-Macaulay rings, Cambridge Studies in Advanced Mathemat-
ics. 39, Cambridge University Press, Cambridge, 1998.
6. J. Brewer, P. Montgomery, E. Rutter and W. Heinzer, Krull dimension of polynomial rings,
Conference on Commutative Algebra, LNM., 311 Springer-Verlag, New York, 1973, 26–45.
7. G.W. Chang and M. Fontana, Uppers to zero in polynomial rings and Pru¨fer-like domains,
Comm. Algebra, to appear.
8. D. E. Dobbs and I. J. Papick, On going-down for simple overrings III, Proc. Amer. Math.
Soc. 54 (1976), 35–38.
9. D. E. Dobbs and P. Sahandi, Goin-down and Semistar operations, J. Algebra Appl., to appear.
10. S. El Baghdadi and M. Fontana, Semistar linkedness and flatness, Pru¨fer semistar multipli-
cation domains, Comm. Algebra 32 (2004), 1101–1126.
11. S. El Baghdadi, M. Fontana and G. Picozza, Semistar Dedekind domains, J. Pure Appl.
Algebra 193 (2004), 27–60.
12. M. Fontana and J. A. Huckaba, Localizing systems and semistar operations, in: S. Chapman
and S. Glaz (Eds.), Non Noetherian Commutative Ring Theory, Kluwer, Dordrecht, 2000,
169–197.
13. M. Fontana, J. Huckaba, and I. Papick, Pru¨fer domains, Marcel Dekker, 1997.
14. M. Fontana, P. Jara and E. Santos, Pru¨fer ⋆-multiplication domains and semistar operations,
J. Algebra Appl. 2 (2003), 21–50.
15. M. Fontana and K. A. Loper, Nagata rings, Kronecker function rings and related semistar
operations, Comm. Algebra 31 (2003), 4775–4801.
16. M. Fontana and K. A. Loper, Kronecker function rings: a general approach, in: D. D. Ander-
son and I. J. Papick (Eds.), Ideal Theoretic Methods in Commutative Algebra, Lecture Notes
Pure Appl. Math. 220 (2001), Dekker, New York, 189–205.
17. R. Gilmer, Multiplicative ideal theory, New York, Dekker, 1972.
18. I. Kaplansky, Commutative rings, rev. ed., Univ. Chicago Press, Chicago, 1974.
19. S. Malik and J. L. Mott, Strong S-domains, J. Pure Appl. Algebra, 28 (1983), 249–264.
20. A. Okabe and R. Matsuda, Semistar-operations on integral domains, Math. J. Toyama Univ.
17 (1994), 1–21.
21. L. J. Ratliff, Jr., On quasi-unmixed local domains, the altitude formula, and the chain condi-
tion for prime ideals, II, Amer. J. Math. 92, (1970), 99–144.
22. P. Sahandi, Semistar-Krull and valuative dimension of integral domains, Preprint (2008).
23. A. Seidenberg, A note on the dimension theory of rings, Pacific J. Math. 3 (1953), 505–512.
24. A. Seidenberg, On the dimension theory of rings II, Pacific J. Math. 4 (1954), 603–614.
Department of Mathematics, University of Tabriz, Tabriz, Iran and School of Math-
ematics, Institute for Research in Fundamental Sciences (IPM), Tehran Iran.
E-mail address: sahandi@tabrizu.ac.ir, sahandi@ipm.ir
